COMPUTING THE RHO-INVARIANTS OF LINKS VIA 

THE SIGNATURE OF COLORED LINKS WITH 
APPLICATIONS TO THE LINEAR INDEPENDENCE OF 

TWIST KNOTS. 

CHRISTOPHER WILLIAM DAVIS 

Abstract. We use a link invariant defined by Cimasoni-Florens to 
compute certain p-invariants. This generalizes results of Cochran-Orr- 
Teichner and Friedl on the p-invariants of knots to the setting of links. 
As an application, we prove with only twelve possible exceptions that 
the twist knots of algebraic order two are linearly independent in the 
topological concordance group. 



1. Introduction 

A link is an isotopy class of smooth, ordered, oriented embeddings of a 
disjoint union of circles S 1 U • • • U S 1 into the 3-sphere S 3 . A knot can be 
thought of as a one component link. Two n-component links L and J are 
called concordant if there is a locally flat, ordered, oriented embedding of 
a disjoint union of n annuli U(S' 1 x [0, 1]) into S 3 x [0, 1] sending U(S' 1 x {0}) 
to L in S 3 x {0} and U(5 X x {1}) to J in S 3 x {1}. If one restricts to 
knots then the set of concordance classes forms a group, C, called the knot 
concordance group, under the operation of connected sum. 

From a link L with zero pairwise linking numbers one can get a closed ori- 
ented 3-manifold, M{L) by taking zero framed surgery. Given such a closed, 
oriented 3-manifold M and a unitary representation a : tt\{M) —> U(n) the 
unitary p-invariant p(M,a) E Z is defined pp. Similarly, given a homomor- 
phism to any group, (f) : tt\{M) — > G, the L 2 -p- invariant, p( 2 \M,(j>) £ K is 
defined, see for example |14j . The p-invariants of M{L) have been important 
tools in the study of concordance. For example, see [7j, [S], [H], P2], 03] 
or [TO]. 

These invariants are notoriously difficult to compute, although in the 
case of knots and representations to £7(1) Litherland |20| computes them 
in terms of the Tristram-Levine signature function. In the case knots and 
of homomorphisms to cyclic groups, Cochran-Orr-Teichner [8, Theorem 5.1] 
and Freidl |12| Corollary 4.3] show that L 2 -p-invariants can be computed in 
terms of sums and integrals of the Tristram-Levine signature function. 
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The main goal of this paper is the extension of these results computing 
one dimensional unitary />invariants and abelian L 2 -p- invariants of knots 
to tools to the setting of links. In Theorem |3.5[ we find that for a link L 
with zero pairwise linking the p-invariants of M(L) corresponding to rep- 
resentations to U(l) are given by the evaluation of the signature function 



(Jl defined by Cimasoni-Florens in [JJ. In Theorem 4.3 we express L -p- 
invariants corresponding to homomorphisms to abelian groups in terms of 
its integral. In [ID], L 2 -/3-invariants of links are used to obstruct linear de- 
pendence of concordance classes of knots. In |10] an ad hoc method is used 
to compute these invariants and find an infinite family of twist knots (see 
Figure [TJ which is linearly independent in the knot concordance group. We 



use Theorem 4.3 in order to prove that with only twelve possible exceptions 
the twist knots which are algebraically of order 2 (depicted in Figure [I]) are 
linearly independent. 

Theorem |5.5[ The set containing all of the twist knots T n which are al- 
gebraically of order 2 is linearly independent with the following 12 possible 
exceptions: 

n = 1,11,16,29,36,38,51,55,61,66,83,101. 




Figure 1. The n-twist knot. 

1.1. Background: The Cimasoni-Florens signature function. We 

now provide some of the background needed in this paper. We begin with 
a brief discussion of the signature function associated to colored links by 
Cimasoni and Florens in [3J. 

An n-colored link L = L(l), . . . , L{n) is a link whose every component 
is decorated with an integer between 1 and n. The notation L(k) refers to 
the sublink of L consisting of components colored with the integer k. Note 
that any n-component link L±, . . . , L n has an n-coloring given by taking 
L(n) = L n . Except when explicitly stated we will consider any link to be 
colored in this manner. 

Let T n denote the n-dimensional unit torus in C n , 

T n := {(wi, . . . , uj n ) G <C n : |w fc | = 1 for all k}. 

The Cimasoni-Florens signature of an n-colored link L, is an integer 
valued function on 



T™ := {(wi, . . . , u n ) G T" ' : co k / 1 for all k}. 
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Its definition is in terms of the following generalization of Seifert surfaces to 
the context of colored links 

Definition 1.1 (Subsecton 2.1 of [3]). A union of smoothly embedded trans- 
versely intersecting surfaces S = S\,...,S n is a C-complex (or Clasp- 
Complex) for the n-colored link, L = L(l) . . . L(n), if the following condi- 
tions hold: 

(1) For each i Si is a Seifert surface for L{i). That is, Si is a compact ori- 
ented embedded surface with no closed components whose oriented 
boundary is L(i). 

(2) For i j, SiD Sj is a union of arcs each having one boundary point 
in dSi = L(i) and the other in dSj = L(j). These intersections are 
called clasps. See the leftmost part of Figure [2] 

(3) For distinct numbers k, Si n Sj n S& is empty. 



I $ $ 

Figure 2. Left to Right: (1) A clasp in a C-Complex. (2) A 
loop 7 passing through a clasp. (3) The curve 7" 1 is given by 
pushing 7 in the positive normal direction on one component 
on the C-complex and in the negative normal direction of the 
other. 

It is worth noting that every colored link has a C-complex. In [3], Cima- 
soni and Florens define a matrix whose entries are Laurent polynomials in 
terms of a C-complex. We present an abbreviated version of their construc- 
tion. 

A simple closed curve on a C-complex F is called a loop if, whenever 
it intersects a clasp, it does so as in the second picture in Figure [2| Let 
B = {71, . . . , 7 m } be a basis for H\{F) given by loops. 

For a loop jj £ B and e = (e%. . .e n ) £ {±l} n define 7J by pushing 
the portion of ~fj carried by Si off of Sj in the positive normal direction if 
€i = +1 and in the negative normal direction otherwise (see the third picture 
in Figure [2]). Let A e be the matrix whose (i, j)-entry is the linking number 
lnk(7f , 7j). Define H{u\, . . . , w„) by 

(1.1) H(u 1 ,...,u n )= J] (l-a,r ei )...(l-uC"L4 £ . 

eG{±l}™ 

The matrix H(u) is Hermitian for each co = (u)i, . . . ,uj n ) E T n . They define 
the following isotopy invariant. 

Definition 1.2 (Subsecton 2.2 of [3|). The Cimasoni-Florens signature 
function of the n-colored link L, : T™ — > Z is defined at to £ T" to be 
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the signature of H(u), that is, 
ctl(w) := a(H(uj)) = ^{positive eigenvalues} — ^{negative eigenvalues}. 

In [3], Cimasoni and Florens prove that ul is independent of the C- 
Complex F and the basis B, that is, ai is a color preserving isotopy invariant 
of L. 

1.2. Signatures and p-invariants. We begin this subsection with a hasty 
review of signature invariants of 4-manifolds. Let W be a compact oriented 
4-manifold. The classical signature, a{W), is defined in terms of a symmet- 
ric bilinear form Qw ■ H 2 (W;Q) x H 2 (W;Q) — >■ Z called the intersection 
form. By diagonalizing Qw, the second homology of W is seen to decom- 
pose as a direct sum H^(W; Q) © JEZ^(W; Q) © H% (W; Q) such that Q w is 
positive definite on Q), negative definite on (W; Q), and zero on 

Q). The signature of W is given by 

a(W) = a(Q w ) = vank{H+(W;Q)) - rtmk(H 2 (W;Q)). 

The twisted and L 2 -signatures of W are defined in terms of the twisted 
and L 2 -homology groups, which we now recall. Let a : ni(W) — > U(n) be a 
unitary representation of the fundamental group of W and 4> '■ tti(W) — > V 
be a group homomorphism. From this the vector space C n and the Hilbert 
space l 2 (T) are given the structure of Z[7ri(W)] modules. We encode the 
module structure of C n with the notation C™. The cellular chain groups 
of the universal cover of W, C*(W) also have the structure of a Z[7ri(W)]- 
module and the boundary maps are module homomorphisms. 

Consider the tensored chain complexes: 



(C*(iy ; c2),d?) 
(ci 2) (w ; / 2 (r)),#) 

The homology groups of W are given by the homology of (C*(W; C"), d*), 

H k (W;C n a ) 



ker(^) 



im(9° +1 ) 

while the L 2 -homology groups are given by 

clos(im(^ 1 )) 

(2\ (2) 

where clos(im(9 v denotes the closure of the subspace im^A) of the 

Hilbert space, cf Z 2 (r)). 

There are Hermitian bilinear forms on the twisted second homology H2(W; C^) 
and the L 2 -second homology H^\W] Z 2 [A]) called twisted and L 2 -intersection 

(2) 

forms. They are denoted Q^r and Q w . By diagonalizing Qy^ and applying 
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the spectral theorem to Q\y , these homology groups are seen to decom- 
pose into subspaces on which the associated intersection forms are positive 
definite, negative definite and zero: 

H 2 (W,C a ) =i H+(W,Ca)eH^(W,C a )eH^(W,C a ) 
H^(W;l 2 {T)) =i Hf )+ {W^ 2 {T))®Hf ) '~{W-,l 2 {T))®Hf )0 {W-l 2 {T)) 

The twisted signature invariant is given by 

a(W, a) = dim(H+(W, C a )) - dim(H^(W, C a )), 

while the L 2 -signature invariant is given by 

a^\W,<f>) = dim^ A (^ 2)+ (W^ 2 [A])) 

where dim denotes the classical dimension of C-vector spaces and dhn^A 
denotes the von Neumann dimension of projective A/"A-modules. For more 
information on the von Neumann dimension and the L 2 -signature invariant 
the reader is referred to [22J and [23J. 

In p], Atiyah, Patodi and Singer associate to a 3-manifold M and a uni- 
tary representation a : ir\{M) —> U(n) an integer, p(M,a). This invariant 
has the property that if W is a 4-manifold with a unitary representation 
a : iri(W) — > U(n) and boundary components, Mi . . . then 

k 

P(M U on) = a{W, a) - na{W) 

i=i 

where 014 is given by the composition 7Ti(Mj) — > tti(W) A U(n). 

For a closed oriented 3-manifold M with coefficient system <p : tt\{M) —> V 
the von Neumann p^-invariant is given in terms of a coefficient system on 
a bounded 4-manifold, for example see [21 Section 3]. More precisely, for 
3-manifolds M\, . . . , with coefficient systems <f>i : 7Ti(Mj) — > Tj, if W is a 

n 

compact oriented connected 4-manifold with dW = U Mj and ip : tti(W) — > 

i=l 

A is a coefficient system on W such that such that for each i there is a 
monomorphism 6i : Tj A making the following diagram commute: 

7Tl(Mi) -^-> Ti 
r- 

(1.2) u e t 

7Tl(W) — A 



k 

Then ^p (2) (Mi,^) = a (2) (W, ip) - a(W). 
i=i 
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1.3. Statement of results. Before we can state the results of this paper, 
we need some additional notation. For an integrer n, Tq refers to the set of 
n-tuples of roots of unity: 

Tq = {(zi, . . . , z n ) G T n : Zi is a root of unity for i = 1, . . . n}. 

Given any finitely generated abelian group A = (gi, . . . , g n \r\ . . . r m ) where 
Y^=i a i,j9j f° r integers dij, we also define 



r 



(1.3) T A =Uz 1 ,...,Zn):l[ z^ j = 1 for all i 

The space Ya is isomorphic to the space of one dimensional representations 
of A. The isomorphism is given by sending z = {z\,. . . ,z n ) £ T n to the 
representation A — > U(l) sending to the one-by-one matrix, [zj\. 
In this paper we prove the following theorems. 

Theorem |3.5[ For a link L with zero pairwise linking there is a piecewise 
constant function ol : T n — > Z which agrees with o~l on T". For oj = 
(wi, . . . ,0J n ) G Tq and the representation a w : iti(M(L)) — > U(l) given by 
sending the meridian, fa, to Ui, p(M(L),a UJ ) = gl{oS). 



Theorem 4.3 , Let A = (gi ■ ■ ■ g n \fi ■ ■ ■ r m) be an abelian group. Let L be an 
n-component link with zero pairwise linking numbers. Let <p : H\(M(Li)) — > 
A be given by sending m to gi, then 

pW(M(L),<p) = -±- [ d L (u)d\(u,) 
where A is Lebesgue measure on Ta- 

Remark 1.3. We provide this extension a of the Cimasoni-Florens signature 
in Definition |3.4| For now we will merely comment that this function will 
remain quite computable. 

One connection between Theorem 14.31 and knot concordance comes in 



the results of [10J. We use Theorem 4.3 to approximate the obstruction to 



linear dependence in C which appears in [10J for the twist knots that are 



algebraically of order 2. In doing so we prove Theorem 5.5 showing that 
with only finitely many exceptions those twist knots which are of order 2 in 
the algebraic concordance group are linearly independent in the topological 
concordance group. 

In previous results, Livingston and Naik in |21| showed that infinitely 
many of those twist knots that are algebraically of order 4 are not of fi- 
nite order in C. Tamulis [27] found an infinite linearly independent set of 
algebraic order 2 twist knots. Cha [TB] showed that no nontrivial linear 
combination of the twist knots (with the exception of the unknot, steve- 
dore knot and figure eight knot) is ribbon. Results of Lisca, [19], show that 
the twist knots (with the same exceptions) are linearly independent in the 
smooth concordance group. 



COMPUTING p-INVARIANTS OF LINKS 



7 



2. The 4-manifold used to compute abelian ^-invariants of 

LINKS 

Consider any link, L, with zero pairwise linking numbers. In this section 
we build a 4-manifold W with M(L) as a boundary component such that 
the inclusion induced map H\{M{L)) — > H\(W) is an isomorphism. Since 
all one dimensional unitary representations of tti(M(L)) and all homomor- 
phisms from iri(M(L)) to an abelian group factor through H\{M{L)) they 
extend over tti(W). Thus, we will be able to compute one dimensional uni- 
tary and abelian p-invariants of A1(L) in terms of the signature defects of 
W. 

Construction 2.1. For an re-component link L = L\ . . . L n with zero pairwise 
linking, let F = F\ . . . F n be a collection of n embedded disjoint surfaces in 
B such that dFi = Lj. Such a collection exists because L has zero pairwise 
linking. Let E(F) denote the exterior of F in B . The exterior of L, E(L), 
is a submanifold of dE{F). To a neighborhood of each component of the 
boundary of E(L) (a torus in S 3 enclosing a component of L) attach to 
E(F) a copy of S 1 x B 2 x I so that the nullhomologous longitudes of the 
components of L bound a disks. Call the resulting 4-manifold W. 

The boundary of W consists of a copy of M(L) together with the orien- 
tation reverse of F x S . The n-component closed surface F := F\ U • • • U F n 
is given by capping the only boundary component of each Fi with a disk. 

The following lemma will be used to compute the p-invariants of M(L): 



Lemma 2.2. Let W be the 4-manifold given in Construction \2. i} Then 

(1) the inclusion induced map H\{M{L)) — > Hi(W) is an isomorphism; 

(2) a{W) = 0. 



Before proving Lemma 2.2 we explore its uses. As a consequence, we 



have the following commutative diagram for any one dimensional unitary 
representation a : tt\{M{L)) — > U(l). Since U{\) is abelian we may as well 
regard a as a representation of H\{M{L)). 



vn(M(L)) 



m(W) 



-> H X {M{L)) 



-* U(l) 



-> fli(W) 



It follows that 

n 

(2.1) p(M{L),a) ~J2p(F t x S\a) = a(W, a) - a(W) = a(W,a) 



i=l 



Thus, in order to prove Theorem 3.5 , it will suffice to analyze the twisted 



signatures of W and the one dimensional unitary p-invariants of product 
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3-manifolds. This is done is Section [3| Similarly, any homomorphism to an 
abelian group <fi : tt\(M{L)) — > A extends over W and 

n 

(2.2) P (2) (M(L), 4>)-Y, P {2) & xS\<P) = * {2 \W, <j>). 

i=l 

In Section W we compute a^ 2 \W, <f>) and p^ 2 \Fi x S 1 ,^). In doing so we 



prove Theorem 4.3 



Proof of Lemma \2.S\ In [4J Section 6] an argument using the long exact 
sequence of the pair (£> 4 , E(F)) and duality shows that the inclusion induced 
map H\{E{L)) — > H\(E(F)) is an isomorphism. Since the longitudes are 
nullhomologous, it follows that the inclusion induced maps H\{E{L)) — > 
Hi(M(L)) and Hi(E(F)) -> Hi(W) are isomorphisms. It follows that the 
bottom row of the following commutative diagram is an isomorphism 

H\{E{L)) -=-> Hi(E(F)) 



Hi(M{L)) > H^W) 

In order to see (|2|, first observe that if A and B are classes in H2(E(F)) 
whose intersection pairing Qe(f)(A, B) is nonzero and denotes the inclu- 
sion induced map H2(E(F)) — > H2(B 4 ), then 

Q B {u{A)M B )) = Qe(F)(A,B) ^ 0. 

Which is a contradiction, since H2(B 4 ) = 0. The intersection form Qe(f) 
must be zero. Since the longitudes of L are nullhomologous H2(W) = 
H2{E{F)) © Z n . The Z n -factor has basis given by the embedded surfaces 
F{. These embedded surfaces sit in the boundary of W and so have zero 
intersection numbers. Thus, the intersection matrix for TV is a zero matrix, 
H+(W) = H^{W) = 0, and a(W) = 0. □ 

3. Computing unitary ^-invariants 



In this section we prove Theorem 3.5 In light of equation (2.1 ) it remains 



only to analyze the one dimensional unitary signatures of W and the one 
dimensional unitary p-invariants of the product 3-manifold F x S 1 

First we recall a result of Cimasoni-Florens [4j. As stated and proven in 
it requires neither zero linking numbers nor that all components have 
distinct colors. 

Theorem ([4], Theorem 6.1). Let uj = (uj\, . . . ,u n ) G T^nT™ be an n-tuple 
of roots of unity none of which are equal to 1. Let L = L%, . . . ,L n be an 
n-component link with zero pairwise linking. Regard L as an n-colored link 
by coloring each component differently. For a union of n disjoint, compact, 



COMPUTING p-INVARIANTS OF LINKS 



9 



connected, oriented, properly embedded surfaces F = Fi U • • • U F n C S 4 
with dFi = Li and the representation : 7Ti(E(F)) — > U{1) sending m, the 
meridian of Li, to [uji], a{E{F),a u> ) = 0"l(<^)- 

We prove the following propositions: 



Proposition 3.1. For the 4-manifold W of Construction 2.1 and u G T™, 

the inclusion induced map H2(E(F);C aoj ) — > H2(W;C auj ) is an isomor- 
phism so that cr(W, a w ) = a(E(F), a^). 

Proposition 3.2. For a closed oriented connected surface F , and any rep- 
resentation a : tt\{F x S 1 ) — > U(l) with image in the roots of unity, p(F x 
S\a) = 

Putting this all together, for any u G Hq n T™ 
(3.1) 

p(M(L),a u f) = a{W,a w )-J2iP{FiX S\a„) 
= aiW,^) 
= a(E(F),a u ) 



by equation (2.1|) 
by Proposition 
by Proposition 



3^ 
371 



by [H Theorem 6.1] 



This proves Theorem 3.5 in the case that no uji is equal to 1. The main 
difficulty in completing the proof is that the Cimasoni-Florens signature is 
only defined when Ui ^ 1 for all i. As the following theorem indicates, even 
in this setting the Cimasoni-Florens signature (of a different colored link) 
computes these unitary p-invariants. 

Proposition 3.3. Let L = L\ . . . L n be an n-component link with zero pair- 
wise linking. Let to G Tq be an n-tuple of roots of unity. Let A = {k : uj^ = 
1} and m = \A\ be the cardinality of A. Let J be the n-colored, (n + m)- 
component link given by replacing L^ by two zero framed pushoffs of L k with 
opposite orientations and the same color for each k £ A. Let 



'1 ! 



><«>») 



g To n T: 



be any n-tuple of roots of unity not equal to 1 with lu£ 
Then p{M{L),a lJJ ) = aj(oj J ) 



uj k ifk£ A. 



Proof. Let L° = L\, . . . , L n , U\, . . . , U m be the (n + m)-color, (n + m)- 
component link given by the split union of L with an ra-component unlink. 

Let lo° be an (n+m)-tuple of roots of unity given by (wi, . . . , uj n , z%, . . . , z m ) 
where (z\,..., z m ) G Tq n T™ is an m-tuple of roots of unity other than 
1. Since M(L°) = M(L)#(# m S 2 x S 1 ), p-invariants are additive over con- 
nected sum of 3-manifolds and the one dime nsio nal unitary p-invariants of 
S 2 x S 1 vanish (for example, by Proposition 3.2), it follows that 

p(M(L°), a^o) = P (M(L),a w ) + E^iP(^xS 2 ,a z J 
= p{M{L),aJ). 

Let the elements of A be parametrized by the sequence (a/OfcLi- The link, 
J, is obtained from L° by sliding XJ\~ over the zero framed reverse of L ak for 



(3.2) 
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* V / ' V \ J I o( ' V \ J I 

Wl / 1 wj 7 = UJ\ 

Figure 3. Left to right: (1) The two component link L. 
The map a w is trivial on the the meridian of the second 
component of L. (2) The link Lq obtained by adding an 
unknotted component for each ojk equal to 1. (3) The colored 
link J is o btain ed from Lq by a zero framed handleslide. 



Proposition 3.3 claims that p(M(L),a ul ) = <jj{uj 



k = 1, . . . , m. Kirby calculus (See [13]) reveals that the zero surgeries M(L°) 
and M(J) are homeomorphic. The homeomorphism, : M(L°) — > M(J), 
between them is given on the level of first homology by 

Fi(M(L )) = (//a, . . .// n , vx, . . . , v m ) A 

Hl(M(J)) = (M m ,{^a k ,^a k }a k eA) 

Hj H- fij if j i A 

Hj ' ^ a*| - n) if j e ^ 

^ Ma, 

where jUj is the meridian of Lj , Uj is the meridian of Uj and ^ Qfc and are 
the meridians of the two parallel copies of L ak . Thus, the following diagram 
commutes: 

#i(M(L )) U(l) 




Hi{M{J)) 

where a' is defined by 

a'ifXj) = [uj] i£j(£A 
a'O^J = [zk] 

Let J° denote the (n + m)-colored link given by taking all of the com- 
ponents of J to be colored distinctly. By design, a' : nx(M(J)) — > U(l) is 
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realized as ov with u' G Tq" 1 "" 1 nT" +m . Thus, equation (3.1) applies and 

p{M(L),a u ) = p{M{J),a w ,) = 0,0(0/). 

Recall the following property of the Cimasoni-Florens signature: 

Proposition (Proposition 2.5, [1]). Let L = L(l), . . . , L(n+1) be an (n+1)- 
colored link and V = L'(l), . . . , L'(n) be the n-colored link with L'(k) = L(k) 
for k < n and L'(n) = L(n) U L(n + 1). For any u> = (ui, . . . ,oj n ) G T", 

<tl>(ui, . ■ ■ ,u> n ) = a L (uJi, . ■ ■ ,u n ,u n ) - lnk(L„,L n+ i) 

where lnk(L n , L n+ \) is the total linking number between the sublinks L n and 
L n +i- 

The n-colored link J is obtained from J° by identifying the (afc) th and 
(n + k) th colors. The (afc) th and (n + k) th entries of u/ are both equal to 2%. 
The n-tuple lu j is obtained from uj' by deleting the final m terms. The above 
proposition implies that aj (uj') = a j(uj j ) and this completes the proof. □ 

In light of Proposition |3.3[ we make the following extension of o~l(lu). 



Definition 3.4. Let L be a n-component, n-colored link with zero pairwise 
linking. Let uj be an n-tuple of roots of unity, A = {a : uo a = 1} and m = \A\. 
Let J be the (m + n)-component, n-colored link obtained by replacing L(a) 
with two zero framed pushoffs of L(a) with opposite orientation from each 
other and the same color as L{a) for each a £ A. Let 

be an n-tuple of roots of unity not equal to 1 with = ojk if k £ A. Then 
a L (uS) := aj(uj J ). 

Rephrasing Proposition |3.3| in terms of Sx, we see that 

Theorem 3.5. For oj = (cji, . . . , uj n ) G Yq, the representation a u from 
7Ti(M(L)) to the subgroup ofU(l) given by mapping /ij to [ojj\, p(M(L), a u ) = 
a L (oj). 



We end this section with the proofs of Propositions 3.1 and 3.2 



Proof of Theorem 3. 1 . Consider the Mayer- Veitoris long exact sequence twisted 
by a w corresponding to the decomposition of W as the union of E(F) to- 
gether with n disjoint copies of S 1 x B 2 x / glued together along n disjoint 
copies of S 1 x S 1 x I: 

► ®H 2 (S 1 X S 1 X F,CaJ -> 

i=l 

(3.3) H 2 (E(F);C a J (.©^(S 1 x D 2 x I;C a j) 

n 

-»• H 2 (W; C a J -)• 8 H^S 1 x S 1 x /; C Q J -> . . . 
i=i 
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The twisted chain complex for the i th copy of S 1 x D 2 x I ~ S 1 is chain 
homotopy equivalent to 

C > C , 

l-aij 

while the twisted chain complex for the i th copy of S 1 x 5 1 x I ~ 5 1 x S" 1 
is chain homotopy equivalent to 



C 

\ " ( 1 - „C, 

1 - W,; 



Both of these chain complexes are acyclic since uj{ ^ 1. Thus, H p (S 1 x 
S 1 x I;Cu) and H P {S 1 x i? 2 x J;C W ) both vanish for all p and the exact 



sequence (3.3) reveals that H 2 (E(F);C LU ) — > H 2 {W\C UJ ) is an isomorphism. 

□ 



We now prove Proposition 3.2 showing that the unitary p-invariants of 



product 3-manifolds vanish. This will complete the proof of Theorem |3.5 



Proof of Proposition \3.S\ Let s denote the element of H\(F x S 1 ) given by 
the S' 1 -factor. 

Suppose first that a(s) = [1] is the lxl identity matrix. In this case a 
extends over F x B 2 , that is the following diagram commutes 



tti(F x S 1 ) 17(1) 




ni(F x B 2 ) 

Since F x B 2 deformation retracts to a subset of its boundary it follows that 
the inclusion induced maps F 2 (7x S 1 ) ->■ H 2 (FxB 2 ) and H 2 {Fx S 1 , C a ) — > 
H 2 {F x B 2 , C a ) are epimorphisms and the twisted and untwisted signatures 
vanish. Thus, p(F x S 1 ,a) = a(F x B 2 , a) - o(F x B 2 ) = 

W next consider the case that a(s) ^ [1]. If F has genus at least two, 
then let 7 be an essential separating simple closed curve. Let Wq be the 
3-manifold given by adding to F x [0, 1] a two handle along 7 x {1}. Then 
8Wq = F U —Fx U —F 2 where F\ and F 2 have genus strictly less than the 
genus of F. Since 7 is nullhomologous in F, the inclusion induced maps 

Hi(F) 4 Hi(W ), and #i(Fi) © #i(-F 2 ) ^ ^1(^0) are isomorphisms. Let 
W = W x S 1 so that the map Hi(F x 5 1 ) — ?■ i^i(M^) is an isomorphism. 
Thus, a extends over tvi(W) and restricts to representations of it\(F\ x S 1 ) 
and vri(7 2 xS 1 ). Thus, 

p(7 x S 1 ,a)-p(F 1 x 5\a) - p(F 2 x S 1 ,^ = a(W,a) - a(W). 

Alternately, Wq can be obtained from F\ U F 2 by adding a one-handle 
between different components so that H\(Wq, F\ U F 2 ) = H 2 (Wq, F\ U F 2 ) = 
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0. By the Kiinneth formula then H 2 (W,Fi x S 1 U F 2 x S 2 ) = so that 
H 2 (dW) -» F 2 (W) is surjective and <j(W) = 0. 

We now compute a(W,a). Consider the Mayer Vietoris long exact se- 
quence 
(3.4) 

>H 2 {S 1 x S 1 x I;C a ) ^H 2 {F x S 1 ; C a ) H 2 {D 2 x S 1 x I;C a ) 

-> H 2 (W; C a ) -»• tfijs 1 x S 1 x /; C Q ) -> . . . 

Since D 2 x S 1 x I ~ 5 1 is a homotopy one complex, it follows that 
H 2 (D 2 x S 1 x I;C a ) = 0. The chain complex for S 1 x S 1 x I ~ x S 1 
twisted by a is chain homotopic to 



C 



1 





- a(s) 



l-a(s) 



Since a(s) ^ 1 , th is sequence is acyclic and .ff* (S 1 x S 1 x I) = 0. This reduces 
the sequence (3.4) to the conclusion that H 2 (F x S' 1 ;C Q ,) — > H 2 (W;C a ) is 
an isomorphism so that a(W,a) = 0. 

Thus, p(F x S , a) — p(F\ xS',a)- p(F 2 x5 1 ,a) = where the genera 
of F\ and F 2 are each less than the genus of F. An argument inducting on 
the genus of F will complete the proof once we have proved the Lemma in 
the case that F is a torus, T 2 , or a sphere, S 2 . 

In the case F = S 2 , a extends over S 1 x B 3 , a homotopy 1-complex. 
Thus, p{S 2 x S 1 , a) = aiS 1 x B 3 , a) - aiS 1 x B 3 ) = 0. 

If F = T 2 then F x S 1 = T 3 is a 3-torus. Since every finitely generated 
subgroup of the roots of unity is finite cyclic, a factors as 



7Tl(T 3 



[/(!). 



For some basis, {61,62,63}, for 7Ti(T 3 ) = Z 3 , ao(^i) = "0(^2) = 1 are trivial 
and ao(bs) is a generator of Z p . Let /* be the automorphism of 7Ti(T 3 ) 
sending the basis {51,52,53} coming from the product structure of T 3 = 
S 1 x S 1 x S 1 to {61, 62, 63}. Since T 3 is an Eilenberg-MacClane space, there 
is a homotopy equivalence /o : T 3 — > T 3 inducing /*. By [151 Corollary 
13.7], fo is homotopic to a homeomorphism, /. Thus, we have the following 
commutative diagram, 



7Tl(T 3 ) 



vri(T 3 



■+ U(l) 
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where 5 = ao/,. Since p-invariants are orientation preserving homeomor- 
phism invariants of 3-manifolds, p(T 3 ,a) = p(T 3 ,3). Since 3(si) = [1], 
p(T 3 ,a) = by the case with which we opened the proof. □ 

We close with an observation which will be necessary in the analysis of 
the next section. 

Corollary 3.6. For any link L with zero pairwise linking and uj G Tq, 
a{W,a w ) = d L {u). 



Proof. By equation (2.1), 



a(W,a w ) = p{M{L),a u ) - ^p(Fi x S rl ,a aJ ). 



i=l 



By Proposition 3.2, Y^=i P\^i x = 0- Theorem 3.5 now implies the 

result. □ 



4. Computing L 2 -p-invariants 

We begin by recalling a powerful result of Liick-Schick |24l Theorem 0.1] 
They prove that if Y is a 4- manifold and (ft '■ ^l (Y) — > A is a homomorphism 
to a residually finite group, then a^(Y,A) can be approximated by signa- 
tures corresponding to homomorphisms to finite groups. To be precise, if 
there is a nested sequence of finite index normal subgroups, 

A = A > Ai > . . . , 

with Ao H Ai n • • • = 0, then if p^, : A — > A/A^ is the quotient map 

(4.1) a® {¥,<!>)= lima^(Y, Pk o4>) 

k— >oo 

In the case that A is finite, I 2 (A) = C[A] and the von Neumann dimension 
dimj\f\ used to define the L 2 -signature gives the same information as the 
classical dimension theory (See |22l example 1.14]). To be precise, for a 
finitely generated C[A]-module V, dimj^\(V) = mdim(y), where dim(V) 
is the dimension of V as a C-vector space. Unwinding these facts 

where Yd, is the cover of Y corresponding to (ft 

Additionally, in the case that A is finite, a classical fact of representation 
theory says that C[A] is the direct sum of irreducible unitary representa- 
tions of A. That is, if X = {a : A — > U(V a )} is the set of all irreducible 
unitary representations of A, then C[A] is isomorphic as a C[A]-module to 
©aex^a™^"'. (for example (26] Section 6.2 Proposition 10]). In particular, 
each V a is projective and hence flat. Thus, 

H 2 (%) <= H 2 (Y;C[A]) E* H 2 (Y;® aeX V^ v ^) * ® aeX H 2 (Y; V a ) dim ^ . 
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Moreover, the intersection form on i^O^) splits as the direct sum of the 
intersection forms on H2(Y; V a ). Thus, 



(4.2) 



a 



(2) 



|A| 



1 



E 



dim(y a )cr(Y, a < 



Between equations ( |4.1[ ) and (4.2) we see that the unitary signatures of a 
4-manifold determine its finite and residually finite L 2 -signatures. 

Using this mindset together with Corollary 3.6 , we express the L 2 -signatures 
of W (from Construction 2.1 ) as a limit of Riemann sums for an integral of 
ox. We prove the following theorem: 



Proposition 4.1. Let A = (gi, 



,9n\n, ■ 



be a finitely generated 
Let 6 : 



abelian group. Let W be the J^-manifold of Construction 2.1 
H\(W) — ^ A be given by sending m to gi, then 

1 



(4.3) 



a 



(2) 



(W,0) 



A(T A ) 

where A is Lebesgue measure on Ta- 

Proof. We begin with the case that A is a finite abelian group. In this case 
equation (4.2) together with the fact that parametrizes all irreducible 
representations of A gives that 

r(2) (W^) 



1 

\A\ 



E a(w > 



By Corollary 3.6 a(W,a w ) = ai(uj): 
(4.4) a( 2 \W,0) = 



1 

L4T 



When A is finite, \A\ 



E d L(u). 

Ta. I , A is counting measure and integration against 



A is summation. After these substitutions, equation (4.4) becomes equa- 
tion (4.3), completing the proof in the case the A is finite abelian. 

Next, for any finitely generated abelian group A, A has a resolution by fi- 
nite index subgroups A > A\ > A<i > . . . where A\~ = k\A = (k\g±, . . . , k\g n ). 
(Recall that fe! = k{k- 1) . . . (3)(2)(1) denotes "fc-factorial" .) The quotient, 
A/Ak, has a presentation 

A/A k = (gx, ...,g n , |n, . . .,r m ,klgi, . . .,k\g n ) 



and T A / Ak = T A n {(wi, . . . , u n ) : 



fe! 



CO 



kl 



Thus, by (4.1) and (4.2), for a homomorphism 
projection map pk : A — > A/Ak, 

r(2) (VM) 



H : m(W) ->■ A and the 



lim aW(W,p k o<f>) 

fc— >oo 



lim — 

fc— >oo T 



1 



E 
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This realizes a^ 2 \W, A) as a limit of Riemann sums for ut a ) Ij a &l{u)(1\{uj). 
By [31 Theorem 4.1] ol is piecewise continuous and so Riemann sums con- 
verge to the integral. This completes the proof. □ 

The following theorem shows that a great many p^> -invariants of product 
3-manifolds vanish. It is much stronger than is needed for our applications. 
We hope that this result is of independent interest. We delay its proof until 
subsection 14. 11 



Proposition 4.2. For a closed oriented surface F and any homomorphism 
to a residually finite group (for example a finitely generated abelian group ) 
4> : 7Ti (F x S 1 ) -> H, p^{F x S\4>) = 0. 

As an immediate consequence we see that 

Theorem 4.3. Let A = (<?i . . . g n \n ■ ■ ■ r m ) be an abelian group. Let L be an 
n-component link with zero pairwise linking numbers. Let cf> : H\(W) —> A 
be given by sending Hi to gi, then 



A 



where A is Lebesgue measure on T4. 



by Propositions 4.1 and |4.2 



Proof. By equation (2.2), p( 2 )(W,<£) = o-W(W, 0) + Y, P {2) (Fi * S 1 , ■ Then 



P (2) (W^) = — — / a L (u))d\(u). 
Al^Aj Ji A 

□ 

4.1. The residually finite L 2 -p-invariants of product manifolds. We 



close this section with the proof of Proposition 4.2 

Proof of Proposition ^. S\ The von Neumann -invariant has the property 
that for a 3-manifold M, groups A and B, a homomorphism <p : ir\(M) — > A 
and a monomorphism if) : A <— >■ B, p( 2 \M,<fi) = p( 2 ^(M, ip o <f>). (See [7, 
Proposition 5.13].) Thus, by replacing H by im(</>), we may assume that (f> 
is onto. 

Let s denote the generator of 7Ti(5 1 ) so that tt\(F x S 1 ) = tti(F) © (s). 
Let 4>(s) = h. Since s is central in iv\(F x S 1 ) and cf> is onto, h is central in 
H. 

The proof proceeds in three steps: 

(1) We express p^ (FxS 1 , <f>) as a limit of L 2 -p-invariants corresponding 
to homomorphisms to finite groups. 

(2) We reduce the computation of p^ 2 \F x S 1 ,^) for a homomorphism 
(f> from tti(F x S 1 ) to a finite group G to the case that G = Z n is 
finite cyclic and is generated by <p(s). 

(3) Finally we show that p( 2 \F x S 1 , (f>) = when the target of (f> is a 
finite cyclic group generated by <p(s). 
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Step 1: Let S be a once puntured torus and {a, b} be a symplectic basis 
for S. Let I? = 7ri(£) be the free group on a and 6. Let X be the 4-manifold 
F x S. Consider the group, 



/i = [a, b] 

where [a, 6] = aba~ 1 b~ 1 . Denote the obvious map tti{X) = iri(F) © E — > G 
by (f>. On the boundary, this factors through H. Since h is central in H it 
does so injectively. That is, the following diagram commutes 

7Tl(F X S 1 ) — iJ 



tti(F x E) — > G 

and p( 2 )(F x 5 1 ,0) = a( 2 )(F x S,0) - a(F x S). 

We hope to use the behavior of residually finite L 2 -signatures to compute 
(7^ 2 \F x S, (f>). We must show that G is residually finite. 

Lemma 4.4. Let E = (a,b\) be the rank two free group with generators a 
and b. Let H be any residually finite group. Let h be an element of the 
center of H (i.e. h commutes with every element of H.) Then 

H@E 
h = [a, b] 

is residually finite. 

Proof. We begin by noticing that in G, both a and b commute with h = [a, b], 
so that G = hJ^ab] wri ere E' = (a,b\[a, [a,b]] = [b, [a,b]] = 1) is isomorphic 
to the 3-dimensional integral Heisenberg group. That is, the multiplicative 
group of 3 x 3 upper triangular integral matrices with ones on the main 
diagonal, 

[ ( 1 a 7 \ 

:a,/3, 7 GZ 









a 




(4.5) 


E' ^ < 


!(: 


1 

















1 a 7 

Let e(a, /3, 7) = | 1 /3 | . The isomorphism is given by sending 
1 

a h-> e(l, 0, 0), 61—^ e(0, 1, 0). As a consequence, [a, b] >->■ e(0, 0, 1). For any 
integer n, let 4> n : E' — > E n < G7(3,Z n ) be the homomorphism given by 
reduction of entries mod n. In this finite quotient, 4> n ([a,b]) is order n. 

Let g be a nontrivial element of G. We will find a finite quotient of G 
in which g is still non-trivial. If we can do so we will conclude that G is 
residually finite. 
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Notice that g is represented by an equivalence class (x@y), x £ H, y e E' . 
If y does not sit in the cyclic subgroup generated by [a, b] in E' (which is 
normal), then (x © y) is nonzero in the quotient, q : G — > njfm — Z 2 , whose 

target is residually finite. In some finite quotient of Z 2 , q(g) = q{x © y) is 
nonzero. 

Alternately, if y = [a, b] m for some m G Z, then g = (x © [a, b] m ) = 
(xh m © 1) in G. If {x © y) is nontrivial, then x' = x/i m is nontrivial in H, 
which by assumption is residually finite. Let / : H — > H be a homomorphism 
to a finite group with f(x') / 1. Let n be the order of f(h) in this group. 
The direct sum / © 4> n : H © E' — > H © E n passes to a homomorphism 
F : G 



H®E„ 



/0)=<MM)' 
Consider the resulting commutative diagram 



H 



-> H@E' 



H 



-> FffiK 



h®e' 

h = [a, b] 



H@E n 
f(h) = M[a,b}) 



Since /i is central in H, f(h) is central in H and the composition along 
the bottom row is injective. Since by assumption, f(x') / 1, We conclude 
that F(g) = F(x' © 1) / 1. 

Thus, any nontrivial element of G is nontrivial in some finite quotient and 
G is residually finite. This completes the proof. 

□ 



So, G is residually finite. Let G > G± > G2 > 
for G and p/, : G — > G/G^ be the quotient map. 



be a finite resolution 



^(FxS 1 



a (2) (F x £,</>) x E) 
lim (V 2 )(F x o 0) - <j(F x £)) 
-.1 



= limp(F x S L ,p k o<t>) 

Since o : 7Ti(F x S" 1 ) — > G/Gk is a homomorphism to a finite group 
for each k, it remains only to prove the theorem in the case that H is finite. 

Step 2: Assuming that H is a finite group, h n is trivial in H for some n. 
Let P be the n times punctured sphere. The group, tti(P) is isomorphic to 
(si . . . s n \s\S2 ■ ■ . s n = 1). Consider the homomorphism 



: tti(F x P) tti(F) © (ai . . . s„|sis 2 

m = m if/€7n(F) 

</>(sj) = /i for « = 1, . . . , n 



1) -> 



COMPUTING p-INVARIANTS OF LINKS 



19 



Notice that <9(P x P) = F x dP is given by n copies of F x S 1 . On each 
of these boundary components, (ft restricts to (ft. Thus, np(F x S 1 ,^) = 
g^ 2 \F x P, (ft) — o{F x P). By a Kiinneth theorem based argument, the map 
H2(F x dP) — > H.2{F x P) is surjective and 

(4.6) a{F x P) = 0. 

Since P is finite, the L 2 -signature and the signature of the c/>-cover agree, 

a^(FxPA) = ^a(f7p^). 

In order to compute a(F x P^), we first study the cover of F x P corre- 
sponding to the composition ^ : 7Ti(P x P) A P — > -Mr. Again, h is central 
in H, so the cyclic subgroup it generates is normal in H and this quotient 
makes sense. Since tp is trivial on 7Ti(P), the corresponding cover is given 
by the product of a (compact) cover of F with P, F^ x P. A compact cover 
of a closed oriented surface is still a closed oriented surface. 

Since ip factors through (ft, the covering map corresponding to (ft factors 
through the covering map corresponding to ip. Consider the resulting tower 
of covers. 



F x P-, 



F^xP 



Fx P 

The group of deck translations of a is isomorphic to 



7n(P^ x P) ^ ker(VQ 
a^fx^P-r] ker(</>) 



0[ker(-0)] = ker ( H 



(h)J 



(h) ^ Zr. 



Thus, F x P-^ is a finite cyclic cover of F^ x P. It remains then only to 

show that for a closed oriented surface F' = F^ and a homomorphism eft' 
from 7Ti(F' x P) = tti(F') © (s± . . . s n \s\S2 . . . s n = 1) to a finite cyclic group 
7L n which sends each Sj to the same generator of Z n , the signature of the 
resulting cover is zero. 

Consider the following chain of equalities: 

aiflTPp) = na( 2 \F' x P,<j/) 

= n(aW(F' xP,<ft')-u{F' x P)) 
= npW{F' x S\<ft'). 
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The first follows from equation (4.2), the second from (4.6). The third 



is by the definition of //^-invariants. It remains only to show that for 
a homomorphism 0' : ~K\(F' x S 1 ) = tti(F') © (s) — > Z n sending s to a 
generator of Z n , p {2 \F' x S 1 ,^) = 0. 

Step 3: The group wi(F') has presentation 

7ri(F') = (01,61, . . . ,a 9 ,6 fl |[oi,6i] . . . [a g ,b g ]) 

where g is the genus of F' . Since 4>'(s) generates Z m , </>(aj) = cp'(s) Pi for 
some y»j G Z. Consider the automorphism of tti{F' x S 1 ) given by s i— > s, 



a% I—?- a^s Pi , 6j i— 7- 6j. Similarly to the analysis in the proof of Proposition 3.2 
this map is induced by a homeomorphism ^if'xS^f'xS 1 . 

Thus, p^iF'xS 1 ,^') = p( 2 '(f x5 1 ,^o$ t ), and O := 0'o$* is trivial on 
every Oj. Let V be a handle body bounded by F' given by adding 2-handles 
along every Gtj. Since c/>o is trivial on a,, 0o extends to a homomorphism 
0o : tti(V' x S 1 ) — > Z n . There is a deformation retraction from V to a 
subset of F'. This implies that x S 1 ) -» H 2 (V x S 1 ) and ^(i 7 ' x 

S ;C[Z n ]) ^> H2(V x 5 1 ;C[Z n ]) are both epimorphisms. Thus, both the 
classical intersection form and the L 2 -intersection form of V x S 1 are zero 
and the signature and L 2 -signature both vanish. Thus, 

P W(F' x S\0o) = a^(V x S\fo) - a(V x S 1 ) = 0, 

completing the proof. 

□ 

5. Application: The linear independence of the twist knots 
which are algebraically of order 2 

In this section, we study those twist knots (depicted in Figure [TJ which 
are algebraically of order 2 using the tools established in this paper. 

We recall some concepts from algebraic concordance. Let K be an alge- 
braically slice knot with a genus g Seifert surface F. Then, by the definition 
of algebraic concordance, there exists a nonseparating collection of g simple 
closed curves on F, L = L\ . . . L g , for which the Seifert form of F vanishes. 
That is, lnk(-Lj, = for all i,j, where is the result of pushing Lj 
off of F in the positive normal direction and Ink is the the linking number. 
Using language from [5], L is called a derivative of K. 

For a simple closed curve, 7, on F, a curve m in the complement of F 
is called a meridian for the band on which 7 sits if m bounds a disk 
which intersects F in a single arc and intersects 7 in a single point. All of 
these intersections must be transverse. 

In this section we consider p°, the p-invariant of M(L) corresponding to 
abelianization. To be precise, if L is an n-component link with zero pairwise 
linking and (ft : r K\{M{L)) —> 7L n is t he a belianization homomorphism then 
p°(L) := p( 2 \M(L), (f>). By Theorem 4.3 This is given by the integral of the 



Cimasoni-Florens signature of L over all of T n . 
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In |10j the author considers a particular metabelian p-invarariant of knots, 
p 1 and proves the following theorems. Stronger theorems are proven in that 
paper, but these are as strong as required in this paper. 

Theorem (|10|. Corollary 4.4). If K%, . . . K n are knots with distinct prime 
Alexander polynomials, vanishing p° -invariants and nonzero p 1 -invariants, 
then {K{} is linearly independent in the knot concordance group. 

Theorem (|10j. Theorem 5.6). Suppose that K is a genus 1 knot and that 
Kj^K is algebraically slice. Let L be a two component derivative of K^K . 
If the components of L together with the meridians of the bands on which 
L sit form a 7L-linearly independent set in the Alexander module of Kj^K, 
then 

\lp\K)-p\L)\<\. 

As a first step in applying the tools of this paper to those twist knots 
which are algebraically of order 2 we find for every n such that T n #T n is 
algebraically slice a derivative of T n #T n . Namely we find that the link of 
Figure [4] is a derivative. 

b strands of each color 




mi 

Figure 4. For n = a 2 — a + b 2 , the link L a ^ is a derivative 
for T n The curves mi and ni2 are meridians about the bands 
on which the components of L sit. 



Lemma 5.1. The n-twist knot T n is algebraically of order exactly 2 if and 
only if there are positive integers a and b such that n = a 2 — a + b 2 but there 
does not exist an integer c with n = c 2 — c. For such an n, the link L a \» 
depicted in Figure^ is a derivative for T n jf-T n . Moreover the meridians, 
m\ and mi, of the bands on which the components of L a ^ sit are Z-linearly 
independent of the components of L in the Alexander module ofT n jf-T n . 

Proof. According to Levine [181 Corollary 23], T n #T n is algebracially slice if 
and only if An + 1 has no odd multiplicity prime factors congruent to 3 mod 
4. Under these conditions an elementary fact from number theory (see [31 
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Theorem 12.3], for example) provides integers ao and bo with a^+b"^ = 4n+l. 
Since 4ra + 1 is odd it must be that ao = 2a — 1 is odd while bo = 26 is even. 
Under these conditions this equation reduces to a 2 — a + b 2 = n as was 
claimed. 




Mi M3 



Figure 5 . 71 , • • ■ , 74 form a basis for the first homology of 
a Seifert surface for T n #T ra . The meridians for 7$, /ij, . . . , ^4 
form a generating set for the Alexander module of T n #T n . 



b 1 (1 



n 


1 











-1 














n 


1 











-1 



We now prove that the link L a ^ is a derivative. The first homology of F is 
a free abelian group with basis given by the curves 71, 72, 73, 74 in Figure [5] 
With respect to this basis the components of L a ^ represent the classes in 
Hi(F) represented by the vectors 

vi=[l a b] T , U2 = [ 
while the Seifert form of F has the matrix 



V 



A computation (remembering that n = a 2 — a + b 2 ) verifies that vfVvj = 
for i,j £ {1,2}. Thus, L a h is a derivative. 

In order to address the linear independence claim we first recall some 
classical knot theory facts. A good reference is [251 Chapter 8, Section C]. 
The Alexander module, Ao(T n #T n ), is the Q[t, t -1 ]-module generated by 
Mi) ^2, ^3, fJ-4 with presentation matrix V — tV T . With respect to this pre- 
sentation, m\ = Mi an d m2 = M3 correspond to the first and third generators 
and 7i corresponds to the i th column of V. 

Performing the presentation calculus needed to unwind this yeilds 



Ao{T n #T n ) 



(nt 2 - (2n + i)t + ri)J \ (nt 2 - (2n + l)t + n) 

with generators mi and m,2 and that the components of L a ^ (represented 
by vi and V2) correspond to 

vi 1 — y (n+ a(l — n + nt))mi + 6(1 — n + nt)m,2 

V2 i—)- 6(1 — n + nt)mi + (1 + (1 — a)(l — n + nt))ni2- 
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It is straightforward to see that images of mi, m2, v\ and V2 form a Q- 
linearly independent set. This completes the proof. □ 



Thus, in light of \10\ Theorem 5.6] and Theorem 4.3 in order to show 
that p l {T n ) ^ 0, it suffices to show that the integral of the Cimasoni-Florens 
signature of the link L a & over T 2 is greater than 1 in absolute value. 

5.1. Tools for computing the Cimasoni-Florens signature. In [1], 
Cimason and Florens demonstrate the effect that crossing change and smooth- 
ing (see Figure [6]) have on the signature function. We make use of these 
results in order to ease the approximation of the //'-invariant. Observe that 
for a link with non-zero linking numbers or a colored link with multiple 
components of a single color, we have demonstrated no relationship between 
the integral of the Cimasoni-Florens signature function. Since we will need 
to discuss the integral of the Cimasoni-Florens signature of such links if we 
are to make use of the moves in Figure [6] we make up some notation. For 
an arbitrary n-colored link L, the /^-invariant of L, R{L) is defined as the 
integral of a over the n-dimensional unit torus with respect to normalized 
Lebesgue measure: 



R{L) :-- 



1 



(2vr) n 



(TL(u)dX(uj) 





Figure 6. Moves which change the Cimasoni-Florens signa- 
ture by at most one. The move on the left is understood to 
preserve orientations and be between arcs of the same color. 
The move of the right is understood to be between arcs of 
different colors 



Cimasoni and Florens in [U Proposition 5.1] show that if colored links 
L and V differ by either of the the moves indicated in Figure [6] then for 
all uj, ctl(o;) and OL'iyj) differ by or 1 or —1 depending on the Conway 
potential function of L and U . Integrating this result gives that R(L) and 
R(L') differ by at most 1. 

The addition of a band between two arcs of the same color (as in Figure [7]) 
can be realized by a single smoothing. Thus, if L and V differ by either 
a band addition or a crossing change between arcs of the same color, then 
R(L) and R(L') differ by at most 1. Additionally, [4, Proposition 2.12] 
shows that if this band runs between split sublinks of L, then <jl = <jl>. 
Summarizing these results, 
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^ ) smoothing 

L 

Figure 7. A band addition can be realized via a smoothing 

(1) If colored links L and L' differ by a crossing change between arcs of 
different colors, then \R(L) - R{L')\ < 1 

(2) If colored links L and V differ by a smoothing a crossing between 
arcs of the same color, then \R(L) — R(L')\ < 1 

(3) If colored links L and L' differ by the addition of a band between 
arcs of the same color, then \R(L) — R(L')\ < 1. If this band joins 
split sublinks of L then R(L) = R(L'). 

The local move on colored links depicted in Figure [8] will be relevant in 
our analysis of L a ^. We provide bounds on how it changes the i?-invariant. 




AA 

AA A 



A 

A 



!!! jf::l 



n 



Six 
AlA 



fit! i 



Figure 8. The move considered in Proposition 5.2 realized 
via band summing with the link V. The two different bands 
of arcs are assumed to be of different colors. 



Proposition 5.2. // the colored links L and V differ by the move depicted 
in Figure [#| with a strands of one color and b strands of a different color 
then \R(L) - R(L')\ <a + b-l 

Proof. As is shown in Figure [8j L' is given by taking the split union of L with 
the two color link V depicted in Figure[9]and adding a+b bands, with the first 
band being between split sublinks. Since the signature invariant adds under 
split union, by [4, Proposition 2.12], it follows that \R(L') — R(L) — R(V)\ < 
a + b — 1 , where V is the link depicted in Figure [9j 

In order to compute R(V), we notice that the result of reversing the ori- 
entation all of the components of V of one color is isotopic the mirror image 
of V, so that by [4, Proposition 2.10 and Corollary 2.11], oy(u;i, u^ 1 ) = 
— o~v (wi, 0J2)- Since ui \-¥ w _1 is a measure preserving transformation of T 1 , 
this implies that R{V) = and completes the proof. □ 
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Figure 9. The link V and an isotopy of it 



5.2. Performing the computation for L a ^. In this section we perform 
the promised computation of p°{L a ^) = R{L a ^). We begin by isotoping L a ^ 



to the link in Figure 10 



Vs.: 



-1 



1 

II I 



»M : 

11 1 ! i 
III It a 
'S//I I: 



-1 



Figure 10. The link L a fe after an isotopy. 

By adding 2b bands to this link, b of each color, the link L a ^ is reduced 
to the split union of two links, L\ b depicted in Figure |il| Thus, \p°(L a ^) — 
R(Ll b )\<2b-l. 



)))):■ 







, -i 













Figure 11. The link L\ h and an isotopy of it. 
By changing b crossings between components of different colors L x a b be- 



comes the link l? ab of Figure 12 so that \R{L l a b )-R(L 2 a b )\ < b and \p (L a>h )- 
R(Ll b )\<3b-l 

The link l? a b is the result of performing two band twist moves (as in 
Figure |8j) starting with the link L\ b (which now consists of 4 split factors 
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<: - 1 


==jl 




1! !i 

ill 
...Ji M 

! i j 



/i 



1 , 



Figure 12. The link b and some isotopies of it. The B 
denotes the move in Figure [8j 



each of which is a one color torus link) of Figure [I3j The leftmost twist 
involves a strands of one color and b of the other. The rightmost involves 
a — 1 of one color and b of the other. Thus, \R(L 2 a b ) - R(L 3 a b )\ < (a + b - 

1) + (a - 1 + b - 1), and \fP(L a>b ) - R(L 3 ab )\ < 5b + 2a - 4. 

Finally, since by [H Proposition 2.13] Cimasoni-Florens signature adds 
under split union, 

R(Ll b ) = R(T(a, 1 - a)) + R(T(l - a, a)) + 2R(T(b, -b)), 

where T(a, b) is the one color (a, 6)-torus link. In the case of knots, the 
Cimasoni-Florens signature agrees with the Tristram-Levine signature. The 
integral of the Tristram-Levine signature of torus knots is computed by 
Borodzic [2] and independently by Collins |9] . In [2] , Borodzic also computes 
the integral of the one colored signature of the (6, 6)-torus link, which is the 
mirror image of the (6, — 6)-torus link. Specifying their results to our setting, 

R(T(a,l-a)) = R(T(l-a,a)) = — + ^ - 2) 



R{T(b,-b)) = 




Figure 13. The link L 3 . consists of the split union of two 
one color (6, — 6)-torus links, a (a — b, b — a + l)-torus knot 
and a (a + b — 3, —a — b + 2)-torus knot. 
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Putting all of this together, 



(5.1) 




(2a + 56-4) 



3 



Since we are interested in when p°(L a fi) > 1, we ask when 
/(a, 6) := 2a 2 + 26 2 - 8a - 196 + 7 > 



By observing that f(a, 6) grows quadratically in both a and 6, we imme- 
diately see that 

Proposition. For all but finitely many a and b, /(a, 6) > so that p°(L a i,) > 
1 and for n = a 2 — a + b 2 , /) 1 (T ra ) > 0. Thus, a set containing all but finitely 
many twist knots of algebraic order 2 is linearly independent in C. 

Next, We use a computer to determine {n : n = a 2 — a + 6, a > 0, 6 > 
0, /(a, 6) > 0}. Combining this result with the computation in [10, Corollary 
6.2] showing that /) 1 (T ra ) > for n of the form n = x 2 + x + 1 with x > 1 
gives the following result. (The knot called T n in this paper is the mirror 
image of what is called T_ n in |10j ) 

Theorem 5.3. The set containing all of the twist knots T n which are al- 
gebraically of order 2 is linearly independent with the following 39 possible 
exceptions: 



n = 1,3,4,9,10,11,15,16,18,22,24,25,27,28,29,34,36,37,38, 
39, 45, 48, 49, 51, 55, 58, 61, 64, 66, 67, 69, 70, 78, 79, 83, 84, 87, 
93,101. 



One can do better by noticing the following consequence of the results of 



Proposition 5.4. Let A be a set of knots with distinct prime Alexander 
polynomials, vanishing p° -invariants and nonvanishing p 1 -invariants. Let 
B be a linearly independent set of knots with vanishing p° -invariants and 
prime Alexander polynomials distinct from the Alexander polynomials of the 
elements of A, then AL) B is linearly independent. 

Proof. The proof relies on a family von Neumann p-invariants indexed by 
the polynomial p(t) defined in [10], ph t y The following proposition reduces 

them in many cases to p° or p . 

Proposition ([10] Proposition 3.4). Let A(t) be the Alexander polynomial 
of a knot K. Then 



[10J. 



(1) p l m {K) = p\K). 

(2) If(p,A) = l, then p^.JK) = p { 



(K). 
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Moreover, by |10| Theorem 4.1 and Proposition 3.5], Pp is a homomor- 
phism when restricted to the subgroup of C generated by knots with prime 
Alexander polynomials. 



Suppose that some linear combination I # IkK # I # mjj is slice. 

\KeA J \J£B J 

Let p be the Alexander polynomial of some Kq £ A. Since pj, is a homo- 

mophism, it follows that 

(5.2) = £ IkP 1 p (K) + J] m JP l(J) 

K&A JeB 

Next, by [10, Propos ition 3.4], and since p° vanishes for all of the knots in 



A and B, equation (5.2) reduces to = Ik P 1 (Kq). Since p 1 (-fCo) 7^ 0, it 
follows that Ik = 0. 

Since Kq was arbitrarily chosen in A, it follows that every Ik vanishes. 
Finally, since B is assumed to be linearly independent in C, this implies that 
every mj = and we conclude that A U B is linearly independent. □ 

In [27, Corollary 1.2], Tamulis finds that {T n : 4n + 1 is prime} is linearly 
independent in C. Hence, we can remove all elements which satisfy this 



condition from the set of possible counter-examples of Proposition 5.3 

Theorem 5.5. The set containing all of the twist knots T n which are al- 
gebraically of order 2 is linearly independent with the following 12 possible 
exceptions: 

n = 1,11,16,29,36,38,51,55,61,66,83,101. 
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